In this paper, the characteristics and the effectiveness of a nonlinear passive vibration isolator based on a post-buckled beam is investigated experimentally. The intended application is specifically isolation in the vertical direction where the isolator is required to be sufficiently stiff statically to bear the weight of the isolated mass. The isolator consists of two beams joined to form an inverted L-shape and the weight of the isolated mass is taken to act at the vertex. If the weight of isolated mass is larger than the buckling load of the L-shaped beam then the beam buckles in one of two modes, one of which is unstable. In this paper, the static restoring force of the unstable mode is measured and an appropriately selected coil spring is added to counteract the negative stiffness of the beam. The resulting system presents a dramatically lower stiffness to small excursions about its equilibrium position in its buckled state but maintains its static load bearing capability. Free vibration measurements are presented which show some amplitude dependency of the natural frequency for large amplitude motion. Low amplitude harmonic base excitation measurements are also conducted from which transmissibility measurements are obtained and compared with corresponding results from a Finite Element model. The fundamental resonance is about 80% lower than that achievable by a comparable linear isolator. However the potential improvement in isolation performance has not been fully realised in the prototype design due to the presence of higher frequency internal resonances of the isolator, mitigation of which is the focus of ongoing work.
Introduction
Passive isolators remain the most commonly adopted form of isolator due to their simplicity, stability and low cost. Their effectiveness is reliant on being able to achieve a low natural frequency when supporting an isolated object. However, when applied to isolation in the vertical direction, low stiffness can result in impractically large static deflection due to the weight of the isolated object. These conflicting requirements can in principle be reconciled by adopting a nonlinear isolator that exhibits high stiffness when loaded statically and low stiffness in relation to small oscillations about the static equilibrium position. A device with such a nonlinear characteristic can be realized by inserting in parallel with the main load bearing isolator element a snap-through mechanism with negative stiffness. Systems that are tuned to counteract the positive stiffness almost entirely are commonly referred to as Quasi-Zero Stiffness (QZS) devices. Examples in the literature include spring lever mechanisms (Park and Luu, 2007 , Carrella, 2010 , Xingtian, et al., 2013 , Le and Ahn, 2011 , Araki, et al., 2013 , bi-stable plates (Shaw, et al., 2013) and magnets (Robertson, et al., 2013 , Carrella, et al., 2008 ). An alternative approach is to make use of a post-buckled element that maintains much of its static stiffness in its buckled state but whose tangent stiffness dramatically reduces (Winterflood, et al., 2002 , Abolfathi, et al., 2013 . A comprehensive review of nonlinear isolators can be found in the review of Ibrahim, 2008 . In practice, experimental rigs based on either of these principles can be complex and cumbersome to accommodate hinged conditions and/or to constrain motion in the non-vertical directions.
The motivation for this paper is the pursuit of a simple, compact configuration of nonlinear spring element. An inverted L-shaped beam has been chosen for this investigation, although similar truss-like isolators are conceivable. The weight of the isolated mass is taken to act at the vertex causing the vertical member to buckle when the weight is sufficiently large. In its stable buckling mode the gradient of the force-deflection curve at the equilibrium position (called "tangent stiffness" hereafter) is considerably smaller than in its pre-buckled state. The particular focus of this paper, however, is the unstable buckling mode which requires an additional spring to restore stability but can be tuned, in principle, to achieve QZS.
The system is described in section 2 and its measured static behaviour is reported in section 3. A free vibration measurement of the mass-loaded isolator is reported in section 4 which confirms the potential of such an isolator for both achieving a low fundamental natural frequency and exhibiting nonlinear dynamic response. Section 5 is concerned with the measurement of vibration transmissibility for a small amplitude harmonic base input and comparison with corresponding results from a Finite Element model. The prominence of higher order modes in the transmissibility is highlighted and examined in section 6 through FE modal analysis and high speed camera imaging of the structure under test. A preliminary prediction for a revised design to address this issue is briefly shown in section 7.
Description of Inverted L-shaped Beam Isolator 2.1 Conceptual design
The inverted L-shaped beam isolator consists of two beams which are joined to form a right angle, as shown in Fig.  1 . One beam is orientated vertically and the other horizontally, and the other end of each beam is fixed to a common base. The weight of the isolated mass is taken to act at the vertex of the L-shaped beam. If the weight of the isolated object is larger than the buckling load of the isolator, then the L-shaped beam will buckle in one of two buckling modes shown in Fig. 2 and Fig. 3 . The buckling mode of Fig.2 is referred to as the "stable buckling mode", for which the tangent stiffness in the post-buckled state is consistently positive and considerably smaller than in its pre-buckled state. The buckling mode of Fig.3 is referred to as the "unstable buckling mode" on account of its region of negative tangent stiffness in the post-buckled state. The unstable buckling mode can be stabilized by installing in parallel a coil spring whose spring constant is larger in magnitude than the negative stiffness of the L-shaped beam. This configuration is shown within a base frame in Fig. 4 . Additionally, if the spring constant of the coil spring is chosen so as only just to cancel the negative stiffness of the L-beam, then in principle QZS can be realized. It is for this potential that the unstable buckling mode is chosen here for subsequent static and dynamic analysis. Fig. 4 A schematic of the inverted L-shaped beam isolator using its unstable buckling mode. By installing a coil spring in parallel whose spring constant is just sufficient to cancel the negative stiffness of the L-beam, the unstable buckling mode can be stabilized and very low tangent stiffness obtained. Figure 5 shows a photograph of the experimental setup mounted rigidly to the table of an electrodynamic shaker. The L-shaped beam was made of blade spring (SUS 304-CSP in Japanese Industrial Standards). The two beams are welded at their join to a 5 mm diameter bar orientated perpendicularly to the beams which supports the isolated mass, chosen here as 1.638kg to load the system to a desired post-buckled state. The base frame was built from aluminium frame of rectangular cross-section 80mm x 40 mm. A coil spring of stiffness 308 N/m was installed between the bar and the base frame (behind the isolated object in Fig. 5 ). The specification of this system is summarized in table 1. 
Experimental realisation

Static behaviour
The static force-deflection curve of the L-shaped beam was measured in its unstable buckling mode. In this experiment the isolated mass was not present. A load cell was set on a servo linear slider and a quasi-static vertical displacement was imposed at the vertex of the L-shaped beam. The displacement was measured using a laser displacement meter and the force was measured using a load cell. A low pass filter was applied to the force signal. The green and black lines in Fig. 6 show the measured restoring force against imposed displacement for the L-shaped beam with and without the coil spring installed. From these lines, it was confirmed that the L-shaped beam without a coil spring displays negative stiffness in its post-buckled state but that it is adequately stabilized by the positive stiffness of the coil spring. The black and red lines in Fig. 7 Fig. 6 . Far into the buckled region (x~8mm) the tangent stiffness is about one order of magnitude smaller than the static stiffness and this reduces to about 1/30 th at 3mm deflection, for example. Even lower tangent stiffness can be achieved but at the expense of less allowable travel before snapping through (at x~1mm) to the unbuckled region. The static stiffness (black, primary y-axis) and the tangent stiffness (red, secondary y-axis) calculated from a fit to the green line in Fig. 6 . This system exhibits high static and low tangent stiffness.
Free vibration
A mass of 1.638 kg was mounted on the isolator and the beam was made to buckle inwardly causing a static deflection of about 3mm (see the dashed line in Fig. 6 ). The mass was given an initial displacement of about 2 mm from its equilibrium position which was large enough to anticipate an amplitude dependent natural frequency but without causing the system to snap through to its unbuckled state on release. The vertical displacement of the mass was measured by a laser displacement meter for 40 seconds at a sampling rate of 1kHz. The instantaneous frequency was estimated by application of the Hilbert transform to the transient of the free decay. The Hilbert transform was performed in the frequency domain as follows, 
where ( ) h t is the inverse Fourier transform of ( ) H  . A low pass filter was applied to ( ) x t and ( ) h t to remove noise and response in higher order modes. The black and blue lines in Fig. 8 show the free vibration waveform and its Hilbert transform whereas the red line shows the envelope of the response. The effect of decaying amplitude on instantaneous frequency is shown by the black line in Fig. 9 . The frequency is seen to increase as the amplitude decays, which is indicative of a nonlinear system with softening stiffness. Inspection of the force-deflection curve in Fig. 7 confirms that the system is softening for excursions in one direction (less compression) from the equilibrium position but hardening in the other direction. Notwithstanding this significant asymmetry the system was modelled simplistically by an undamped Duffing oscillator, i.e. a single degree-of-freedom mass-spring system with linear and cubic stiffness, for which the equation of motion for free vibration is given by
The red line in Fig. 9 shows the natural frequency of a Duffing oscillator for a range of initial displacements and hence amplitudes of free vibration. The nonlinear stiffness coefficient was chosen as 
Transmissibility
The isolator loaded with the 1.638kg mass was mounted on an electrodynamic shaker and subjected to small amplitude harmonic base motion in order to measure the transmissibility of the linearized system. The excitation was displacement controlled at 1.5-10Hz and acceleration controlled from 10-300Hz. The excitation amplitudes that were selected are listed in table 2. The motions of the isolated mass and base were measured using both accelerometers and laser displacement meters. The measured acceleration and displacement signals were expanded into Fourier series with respect to the base excitation frequency and the amplitude of each order was calculated. The motion transmissibility was taken as the ratio of the first order Fourier components of the two responses. The black line in Fig.10(a) shows a concatenation of displacement transmissibility below 10 Hz and acceleration transmissibility above 10 Hz.
The fundamental resonance of the system occurs at about 2Hz which is consistent with the natural frequency of the system measured by free vibration. By comparison, a linear spring with the same static deflection (~3mm) under the weight of the isolated mass would have resulted in a fundamental frequency of 9.1Hz. Fig. 10(b) illustrates the improvement in transmissibility of a linear SDOF system (with a damping ratio of 10%) when its natural frequency is reduced from 9.1Hz (red) to 2Hz (black). The 13dB improvement in isolation at high frequencies for this idealised system has not been realised for the L-shaped isolator due to the existence of numerous other lightly damped resonances, the lowest and most predominant of which occurs at about 7Hz. A modal analysis to understand the nature of these higher order modes is presented in section 6. Table 2 Amplitudes of harmonic base input Frequency [Hz] Excitation level 1.5 -2. A Finite Element (FE) model was generated during the design stage and a nonlinear static analysis performed followed by modal and harmonic analyses of the linearized system in its post-buckled state (Tsuji, et al., 2014) . Here, only selected results are presented for brevity. The corresponding values in table 1 and the material parameter values  listed in table 3 were used for the FE model. The end of each beam is constrained with respect to translational and rotational displacement. Each beam is modelled with 100 three-dimensional quadratic finite strain beam elements. The transmissibility predicted by the FE model is overlaid with the experimental curve in Fig. 10(a) . The frequencies of most of the additional resonances, including the predominant 7Hz mode, are in good agreement and are associated with higher order modes of the isolator. Note that the amplitudes of the resonance peaks in the model are arbitrary owing to the absence of damping. There are also four weakly excited resonances that are apparent in the measurement but not in the FE model. Table 4 lists the natural frequencies predicted by the FE model below 300Hz and classifies the modes as those in the plane of the L-beam (x-y) and those that are out of plane (z) and therefore not excited by a vertical base input. The measured resonance peak at 24Hz in Fig. 10(a) is believed to correspond to an out of plane mode at 27.1Hz which is excited owing to slight asymmetry of the experimental rig. 63.4 z A high speed camera was used to measure the deflection of the L-shaped beam whilst being subjected to harmonic base excitation at each resonance in turn. Fifty points were measured with a spacing of 10mm, as shown in Fig. 11 . Table 5 lists the camera settings for each frequency. It was also necessary to use a higher amplitude of base excitation than selected for the experiment in section 5 for reasons of signal to noise.
Modal analysis
The x-y coordinate values were obtained for each of the 50 points on the video image using image analysis software and subsequently transformed to remove their temporal means. Proper orthogonal modes (POM) were identified by application of Proper Orthogonal Decomposition to the measured displacements at each frequency (Feeny and Kappagantu, 1998) . Note that POMs are orthogonal to each other, not the mass and stiffness matrices, and so are not in general equivalent to modes. However, they can be expected to resemble the modes of vibration. Fig. 12 Comparison of mode shapes from FE analysis and POMs from high speed camera images. The percentage value in parentheses indicates the contribution of that POM to the measured deflection shape at that frequency.
Improvement of the isolator
Material and geometric properties of the isolator can be adjusted to mitigate against the occurrence and excitation of higher order modes in the frequency range of interest. An example of a modified beam geometry is included here for illustrative purposes. The dimensions of the modified design are listed in Table 6 . In the case considered, the system was arranged to have a static deflection of just 1mm, i.e. to operate closer to the buckling region. Note that, were the dynamic displacement to exceed this value, then the system could in practice experience a strong hardening stiffness in one direction and possibly switch between one buckled state and the other. Fig. 13 shows the transmissibility calculated by the FE model. The fundamental frequency of this system is 0.21 Hz but the isolation region is determined by the second natural frequency at 5.9 Hz which is strongly excited. This still represents a notable benefit since a comparable linear spring would give rise to a natural frequency of 15.8Hz. Beyond the second natural frequency the isolation region extends for nearly two decades. Table 7 lists the natural frequencies up to the 12th order predicted by the FE model and classifies the modes as those in the plane of the L-beam (x-y) and those that are out of plane (z). Figure 14 shows the corresponding mode shapes for the first four in-plane modes. The modification to the isolator has been successful in shifting the second mode to 30 times the frequency of the fundamental mode. However, its prominence in the transmissibility needs to be addressed in future studies. 
Conclusions and future work
This paper has investigated the static and dynamic characteristics of a nonlinear vibration isolator based on a post-buckled inverted L-shaped beam. Quasi-static tests have been conducted to measure the negative stiffness in its unstable buckling mode and thereby to identify a suitable coil spring to insert by which a near zero-stiffness system can be realised. The natural frequency was found to be about one-fifth of what would be achieved for an equivalent linear system and slightly amplitude dependent for large dynamic oscillations owing to its predominant softening stiffness. The transmissibility was sought for the linearized system about a chosen equilibrium position in the buckled region. Measured results for a harmonic base input were in reasonable agreement with FE analysis. The potential benefit of the nonlinear mount is apparent but is compromised to some extent by the excitation of higher order modes of the isolator. Experimental and FE modal analyses have been conducted to inform future optimisation of the mount.
